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0. Introduction
In recent years the theory of Lipschitz maps and its applications to Banach spaces have been extensively developed (see
for example the Benyamini–Lindenstrauss book [1] for details).
The concept of a free Banach space B(X) over a metric space X such that every Lipschitz map from X to a normed space
E can be extended to a continuous linear operator from B(X) to E was introduced in [2] (see also [3–5,16]). This approach
delivers us some kind of global linearization of Lipschitz maps where we can apply the methods of Banach space theory. On
the other hand it is interesting to study the properties of B(X) and construct free Banach spaces for given metric spaces X .
In Section 1 we consider the basic properties of B(X) and construct it for some simple metric spaces.
In Section 2 we examine the relationship between Lipschitz retractions on X and continuous projections on B(X) and
show that B(`1) = L1(R). We show that B(X) is not an L1-space in general, but if X is a separable Banach space, then
every separable Banach space E is isomorphic to a quotient of B(X). Also we study under which conditions the Banach space
isomorphism between B(X) and B(Y ) implies the Lipschitz equivalence of X and Y .
In Section 3 we consider two-Lipschitz maps and we present conditions under which the two-Lipschitz function can be
extended to a bilinear continuous functional on the Cartesian product of metric spaces.
In Section 4 we establish some conditions of existence of the extension operator for Lipschitz functions on X to Lipschitz
and two-Lipschitz function on Y , X ⊂ Y in the terms of locally complementability of B(X) in B(Y ).
1. Free Banach spaces and global linearization of Lipschitz maps
Let f : X → Y be a map between metric spaces. The modulus of continuity of f is the function
ωf (t) = sup{ρY (f (x), f (y)) : x, y ∈ X and ρX (x, y) ≤ t}.
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The map f is said to be uniformly continuous if limt→0+ ωf (t) = 0. If for some constant cωf (t) ≤ ct for every t > 0, the map
f is called a Lipschitz map and the smallest possible such constant is called its Lipschitz constant. The set of Lipschitz maps
from X to Y is denoted by Lip (X, Y ). A bijective Lipschitz map f is a Lipschitz equivalence if its inverse is also a Lipschitz map.
A normed set (X, ρ, α) is a metric space (X, ρ) with a non-negative real-valued function α such that |α(x) − α(y)| ≤
ρ(x, y) ≤ α(x)+α(y) for all x, y ∈ X . We call α a norm on X . It is clear, that an arbitrary metric space X is a normed set with
respect to the norm
α(x) := ρ(θ, x),
where θ is somemarked point in X . A metric space X with a fixed marked point is called a pointed space.
Let E be a normed space (i.e. normed linear space). Let us denote by Lip 0(X, E) the set of all Lipschitzmaps from a normed
set X with marked point θ and norm α to E such that
‖F(x)‖ ≤ LFα(x)
for every F ∈ Lip 0(X, E), where LF is the Lipschitz constant of F . If F ∈ Lip (X, E), then F ∈ Lip 0(X, E), if and only if F(θ) = 0.
It is easy to see that Lip 0(X, E) is a normed space with norm
‖F‖ = LF .
If E = K the field of real or complex numbers, we will write Lip 0(X) instead Lip 0(X,K). The following theorem is known.
Theorem 1. Let X = (X, ρ, α) be a normed set. There exists a unique, up to an isometric isomorphism, Banach space B(X) over
the field K and an isometric embedding ν : X → B(X) such that
1. Vectors ν(x), x ∈ X with α(x) > 0 are linearly independent in B(X) and span ν(X), the linear span of ν(x), x ∈ X is dense in
B(X).
2. Every map F from Lip 0(X, E) can be extended to a continuous linear operator F˜ : B(X) → E such that ‖˜F‖ = LF for an
arbitrary normed space E.
3. If K = R, then for every closed subset X0 ⊂ X with marked point θ ∈ X0 the inclusion X0 → X extends to an isometric
embedding of Banach spaces B(X0)→ B(X).
4. If K = C, then for every closed subset X0 ⊂ X with marked point θ ∈ X0 the inclusion X0 → X extends to an isomorphic
embedding of Banach spaces B(X0)→ B(X).
The first and second statements of Theorem 1 were independently proved by Flood in [3], [4, p. 23], Pestov in [2] and
Weaver in [5, p. 41]. The third statement was proved by Pestov in [6] and byWeaver in [5, p. 42] and the last statement was
proved by Weaver in [5, p. 42].
The space B(X) is called the free Banach space overX (in [5] it is referred to as Arens–Eells space). Note that fromTheorem1
it follows that ν(θ) = 0 if α(θ) = 0 and every normed set can be isometrically embedded into a pointed space with the
marked point θ. Throughoutwewill suppose that the normed space X contains a (necessarily unique) point θ withα(θ) = 0
and every normed subset X0 of X also contains the point θ.
FromTheorem1 it follows that the space Lip 0(X, E) is isometric to the spaceL(B(X), E) of all continuous linear operators
from B(X) to E. Indeed, the restriction A|X of any operator A ∈ L(B(X), E) onto X ⊂ B(X) is a Lipschitz map on X . Since
span X is dense in B(X), the linear extension to B(X), A˜|X of A|X coincides with A. So
‖A‖ = ‖A˜|X‖ = LA|X
and the map A 7→ A|X is an isometric isomorphism of linear spaces.
In other words, the next diagram
X
ν−→ B(X)
F ∈ Lip 0(X, E) ↓ ↙ F˜ ∈ L(B(X), E)
E
commutes. Note that ν is a Lipschitz map with Lν = 1.
The next corollary immediately follows from Theorem 1 and the Hahn–Banach theorem.
Corollary 1. Every real-valued Lipschitz function f0 ∈ Lip 0(X0) from a subset X0 of a normed set X extends to a function
f ∈ Lip 0(X) with the same Lipschitz constant.
Results of this kind were independently discovered several times, see e.g [7,8]. For complex case it is known that
Lf ≤
√
2Lf0 [5, p. 16].
Corollary 2. Every normed set X can be isometrically embedded into B(X)′′ (the second dual space to B(X)) such that the linear
span of its range is weakly dense in B(X)′′ and the space Lip 0(X) is isometrically isomorphic to B(X)′.
Proof. Let I : B(X) → B(X)′′ be the canonical isometrical embedding. Then I ◦ ν is the requested embedding from X into
B(X)′′. 
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Let F be a Lipschitz map from a normed set X to a normed space E. Then
F = F0 + F(θ),
where F0 ∈ Lip 0(X, E). Thus every map F ∈ Lip (X, E) can be extended to an affine continuous map F˜0 + F(θ) from B(X) to
E.We can see, also that Lip 0(X, E) is an one-codimensional subspace of Lip (X, E).
Proposition 1. Let X0 be a normed subset of a normed set X. Then the point y ∈ X belongs to B(X0) if and only if y ∈ X0,where
X0 is the closure of X0 ⊂ X .
Proof. If y ∈ X0, then evidently, y ∈ B(X0). Suppose that y ∈ X, y ∈ B(X0) and y 6∈ X0. Thus ρ(y, X0) = d > 0. Let
zn ∈ span X0 and zn → y. Then for every f ∈ Lip 0(X), f (zn) → f (y). Let us construct a function f0 : X → R such that
f0(y) = d, for every x ∈ X such that ρ(x, y) < d put f0(x) = d − ρ(x, y) and if ρ(x, y) ≥ d, put f0(x) = 0. The map f0 is a
Lipschitz map which vanishes on X0. Since X0 3 θ, f0 ∈ Lip 0(X). But f0(zn) = 0 while f0(y) = d > 0. A contradiction. 
By Proposition 1 the free Banach space over a normed space coincides with the free Banach space over the completion
of that normed space. In [6] it is shown that a normed space X is weakly closed in B(X) if and only if it is complete. So the
norm topology from B(X) coincides with the weak topology on X ⊂ B(X).
Corollary 3. If X1 and X2 are closed normed subsets of a complete normed set Y such that X1 ∩ X2 = {θ}, then B(X1 ∪ X2) is
isomorphic to B(X1)⊕ B(X2).
Proof. The natural projection of B(X1 ∪ X2) to B(X1) has kernel B(X2) by Proposition 1. 
Following [4] for x ∈ X we denote ν(x) ∈ B(X) by x and by span X we mean span ν(X) in B(X).
Using Corollary 3 and the next proposition it is possible to construct some examples of free Banach spaces.
Proposition 2 (cf. [5, p. 23]). If (X, ρ) is a discrete metric space, then B(X) is isomorphic to `1(X). The free Banach space B(R)
over the real line R is isometrically isomorphic to L1(R).
Proof. The first part of the proposition was proved in [9, p. 198]
Suppose thatX = Rwith its usual norm. Let z ∈ spanR ⊂ B(R). Then z =∑nk=1 akxk for some a1, . . . , an, x1, . . . , xn ∈ R.
Without loss of generality, we may assume that 0 < x1 < · · · < xn. The vector z can be represented by z =∑nk=1 bk(xk −
xk−1) for some numbers b1, . . . , bn, where x0 = 0. For the vector z we assign a step function∑nk=1 bkχ[xk−1,xk] associated
with z. It is clear that∥∥∥∥∥ n∑
k=1
bkχ[xk−1,xk]
∥∥∥∥∥
L1
=
n∑
k=1
|bk||xk − xk−1| =
n∑
k=1
‖bk(xk − xk−1)‖ ≥ ‖z‖. (1)
We are going to show that the L1-norm of this function is exactly equal to the norm of z in B(R).
Let us consider the function on R, defined by
g(x) =
∑
(sign bk)χ[xk−1,xk](x),
where χ[xk−1,xk] is the characteristic function of the interval [xk−1, xk] and
sign bk =
{
1 if bk ≥ 0
−1 if bk < 0.
Put
fz(x) =
∫ x
0
g(t)dt.
It is clear that fz ∈ Lip 0(R) and Lfz = 1. So f˜z is a linear continuous functional on B(R)with ‖˜fz‖ = 1 and
f˜z(z) = f˜z
(
n∑
k=1
bk(xk − xk−1)
)
=
n∑
k=1
bk f˜z(xk − xk−1)
=
n∑
k=1
bk(sign bk)
∫ xk
xk−1
χ[xk−1,xk](t)dt =
n∑
k=1
|bk|
∫ xk
xk−1
χ[xk−1,xk](t)dt
=
n∑
k=1
|bk|‖xk − xk−1‖
=
∫ xn
0
∣∣∣∣∣ n∑
k=1
bkχ[xk−1,xk](t)
∣∣∣∣∣ dt =
∥∥∥∥∥ n∑
k=1
bkχ[xk−1,xk]
∥∥∥∥∥
L1
≤ ‖z‖‖f˜z‖ = ‖z‖.
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Combining this inequality with (1) we have that∥∥∥∥∥ n∑
k=1
bkχ[xk−1,xk]
∥∥∥∥∥
L1
= ‖z‖.
Thus, spanR is isometrically isomorphic to the dense subspace of step-functions in L1(R), and so B(X) = L1(R). 
2. Lipschitz retractions and the structure of free Banach spaces
Definition 1. Let X be a metric space and let X0 be a subset of X . A Lipschitz (resp. uniformly continuous) map r : X → X0
is called a Lipschitz retraction (resp. uniform retraction) if it is the identity on X0. When such retraction exists, we say that
X0 is a Lipschitz (resp. uniform) retract of X . A metric space is called an absolute Lipschitz (resp. uniform) retract if it is a
Lipschitz (resp. uniform) retract of everymetric space containing it as a closed subset. A Lipschitz retraction r is a λ-Lipschitz
retraction if Lr = λ.
Note that if X0 is a (uniform) retract of X then X0 is closed in X .
Proposition 3. If a normed subset X0 of the normed set X is a λ-Lipschitz retract of X, then B(X0) is λ-complemented in B(X).
Proof. Let r : X → X0 be a λ-Lipschitz retraction. Then r(θ) = θ . So ν ◦ r : X → B(X0) is a map in Lip 0(X, B(X0)). Thus
ν˜ ◦ r : B(X) → B(X0) is a linear operator and ‖ν ◦ r‖ = Lν◦r = Lr = λ. Let z ∈ span X0, z = ∑nk=1 akxk, xk ∈ X0, ak ∈ R.
Then
ν˜ ◦ r(z) =
n∑
k=1
akν ◦ r(xk) =
n∑
k=1
akxk.
Since ν˜ ◦ r is the identity on a dense subspace of B(X0), it is the identity on B(X0). Thus ν˜ ◦ r is a projection and B(X0) is
λ-complemented in B(X). 
Lemma 1. Let X be a Banach space. Then X is a 1-Lipschitz retract of B(X).
Proof. For every z ∈ span X ⊂ B(X), z = ∑nk=1 akxk, xk ∈ X , put h0(z) = ∑nk=1 akxk ∈ X . By the definition, h0 is a linear
operator from span X onto X . Since every linear 1-norm functional on X is an 1-Lipschitz functional, we have
‖h0(z)‖X = sup
ϕ∈X ′,‖ϕ‖≤1
|ϕ(h0(z))| ≤ sup
ψ∈Lip 0(X),Lψ≤1
|ψ(h0(z))| = ‖z‖BX
and so h0 can be extended to a continuous linear operator h, defined on B(X) with ‖h‖ = ‖h0‖. The range of h coincides
with X because X is complete space, and h is the identity on ν(X). Thus r := ν ◦ h is a 1-Lipschitz retraction from B(X) onto
X regarded as subset of B(X). 
Theorem 2. Let X, X0 be Banach spaces with X0 ⊂ X. Then X0 is a λ-Lipschitz retract of X if and only if B(X0) is λ-complemented
in B(X).
Proof. Let B(X0) be λ-complemented in B(X) and let pi : B(X)→ B(X0) be a λ-projection. By Lemma 1 there is a 1-Lipschitz
retraction r from B(X0) onto X0. Thus r ◦ pi is a λ-retraction from B(X) onto X0. Since X ⊃ X0, the restriction of r ◦ pi onto
ν(X) is the λ-retraction from X onto X0. The inverse direction follows from Proposition 3. 
Corollary 4. Suppose that the Banach space X is an absolute λ-Lipschitz retract. Then for every normed set Y ⊃ X, B(X) is
λ-complemented in B(Y ).
Corollary 5. For every Banach space X, B(B(X)) contains a 1-complemented copy of B(X).
Proof. By Lemma 1 X is 1-Lipschitz retract in B(X), hence, by Theorem 2 B(X) is 1-complemented in B(B(X)). 
We say that a metric space I is a metric line if it is an isometric image of the real line R. According to [1, p. 13], R is
a 1-Lipschitz absolute retract. So, if a normed set X contains a metric line I as a normed subset, then by Theorem 2 and
Proposition 2 B(X) contains a 1-complemented copy of L1(R).
Theorem 3. Let X1 and X2 be absolute Lipschitz retracts with a unique common point θ . Then X1 ∪ X2 is an absolute Lipschitz
retract.
Proof. Suppose that X1 ∪ X2 is isometrically embedded in a metric space Y and the metric on X1 ∪ X2 is defined by
ρ(x1, x2) = ρ(x1, θ) + ρ(x2, θ), x1 ∈ X1, x2 ∈ X2. Then Y is a normed set with the marked point θ , where {θ} = X1 ∩ X2.
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By Theorem 2, B(Y ) = B(X1)⊕E1 = B(X2)⊕E2 for some Banach spaces E1 and E2 and there are continuous linear projections
pik : B(Y ) → Ek, k = 1, 2. The projection pi1 is the identity on B(X2) by Corollary 3, so pi2 ◦ pi1 is a projection on a Banach
space E such that B(Y ) = B(X1)⊕B(X2)⊕E. Let pi : B(Y )→ B(X1)⊕B(X2) = B(X1∪X2) be a projection and rk : B(Xk)→ Xk
a retraction, k = 1, 2. Let us define a map r : B(X1)⊕ B(X2)→ X1 ∪ X2 by
r(z1 + z2) =

θ if α(z1) = α(z2)
r1(z1)
(
α(z1)− α(z2)
α(z1)+ α(z2)
)
if α(z1) > α(z2)
r2(z2)
(
α(z2)− α(z1)
α(z1)+ α(z2)
)
if α(z2) > α(z1),
where zk ∈ B(Xk) andα is the norm on Y . For every u, v ∈ B(X1)⊕B(X2), u = z1(u)+z2(u), v = z1(v)+z2(v), zk(u), zk(v) ∈
Xk. Then u−v = (z1(u)−z1(v))+(z2(u)+z2(v)). If α(z1(u)−z1(v)) ≥ α(z2(u)−z2(v)) then r(u−v) = (z1(u)−z1(v)) ·γ ,
where 0 < γ ≤ 1. So
‖r(u− v)‖ = ‖z1(u)− z1(v)‖ · γ ≤ ‖z1(u)− z1(v)‖ ≤ Lr1‖z1(u)− z1(v)‖
≤ Lr1‖z1(u)− z1(v)+ z2(u)− z2(v)‖ = Lr1‖u− v‖.
Similarly, in case α(z2(u)− z2(v)) > α(z1(u)− z1(v)) Thus r is a Lipschitz map onto X1∪X2 and it is the identity on X1∪X2.
So it is a retraction, and r ◦ pi ◦ ν is a retraction from Y onto X1 ∪ X2. 
Using simple induction, we have
Corollary 6. Let X1, . . . , Xn be absolute Lipschitz retracts such that for any m > 1, 1 ≤ k1 < · · · < km ≤ n,⋂mi=1 Xi = {θ},
then
⋃n
k=1 Xk is an absolute Lipschitz retract.
This result can be improved for absolute 1-Lipschitz retracts. But first we need some definitions.
Definition 2. A metric space X is said to be metrically convex if for every x0, x1 ∈ X and every 0 < t < 1 there is a point
xt ∈ X such that ρ(x0, xt) = tρ(x0, x1) and ρ(x1, xt) = (1− t)ρ(x0, x1).
A metric space X is said to have the binary intersection property if every collection of mutually intersecting closed balls
in X has a common point.
The next proposition is proved in [1, p. 13].
Proposition 4. A metric space X is an absolute 1-Lipschitz retract if and only if it is metrically convex and has the binary
intersection property.
Theorem 4. Let X1, . . . , Xn be absolute 1-Lipschitz retracts and θ ∈ X1∩ . . .∩Xn such that for any 1 ≤ i < j ≤ n, Xi∩Xj = {θ},
then
⋃n
k=1 Xk with metric
ρ(x, y) =
{
ρk(x, y) if x ∈ Xk, y ∈ Xk
ρi(x, θ)+ ρj(θ, y) if x ∈ Xi, y ∈ Xj, i 6= j
is an absolute 1-Lipschitz retract.
Proof. Since every Xk has the binary intersection property, their (finite) union has it as well. Also, it is easy to check that the
metric ρ is defined on
⋃n
k=1 Xk such that the space (
⋃n
k=1 Xk, ρ) is metrically convex. Thus, by Proposition 4
⋃n
k=1 Xk is an
absolute 1-Lipschitz retract. 
For normed setsX1, . . . , Xnwith the unique point θ in their arbitrary intersections (as in Theorem4) denote by
∏n
k=1 Xk =
X1 × · · · × Xn their Cartesian product with the metric
ρ((x1, . . . , xn), (y1, . . . , yn)) =
n∑
k=1
ρk(xk, yk).
Using the same arguments as in Theorem 4 it is possible to prove that if X1, . . . , Xn are absolute 1-Lipschitz retracts, then
for everym ≤ n,⋃
i1<···<im
m∏
k=1
Xik =
{
(x1, x2, . . . , xn) ∈
n∏
k=1
Xk
∣∣∣∣ xi = θ for at least n−m indices i
}
with the metric induced from
∏n
k=1 Xk is an absolute 1-Lipschitz retract.
Let x ∈ span X ⊂ B(X). The support of x, supp xmeans the finite set {x1, . . . , xn} ⊂ X such that
x =
∑
k
akxk
for some ak ∈ R. The following lemma was proved in [3,4] (cf. [10]).
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Lemma 2. Let x ∈ span X for a normed set X with norm αX . Then for some finite collection λi, µj ∈ R and ui, vi, zj ∈ supp x,
one has
x =
∑
i
λi(ui − vi)+
∑
j
µjzj (2)
and
‖x‖ =
∑
i
|λi|ρX (ui, vi)+
∑
j
|µj|αX (zj). (3)
For Banach spaces E1, . . . , En,
∑n
k=1⊕p Ek denotes their direct sum, endowed with the `p-direct sum norm.
Theorem 5. Let X1, . . . , Xn be absolute 1-Lipschitz retracts and θ ∈ X1∩ . . .∩Xn such that for any 1 ≤ i < j ≤ n, Xi∩Xj = {θ}.
Then the space B
(∏n
k=1 Xk
)
is isomorphic to
∑n
k=1⊕1 B(Xk).
Proof. Let us suppose that the theorem is proved for every m < n. Let r be the map from
∏n
k=1 Xk onto
∏n−1
k=1 Xk × {θ}, r :
(x1, . . . , xn) 7→ (x1, . . . , xn−1, θ). It is an 1-Lipschitz retraction and it can be extended by Proposition 3 to a 1-projection pir
from B
(∏n
k=1 Xk
)
onto B
(∏n−1
k=1 Xk × {θ}
)
.
Let x ∈ span ∏nk=1 Xk and by Lemma 2 write x = ∑i λi(ui − vi) + ∑j µjzj satisfying (3) and with λi, µj ∈ R and
ui, vi, zj ∈ supp x. Then
x =
∑
i
λi(ν(ui1, . . . , uin)− ν(vi1, . . . , vin))+
∑
j
µjν(zj1, . . . , zjn)
is the decomposition (2) from Lemma 2, where uik (resp. vik, zjk) is the k-th ‘‘coordinate’’ of ui (resp. vi, zj) in
∏n
k=1 Xk. Here
ν is the natural embedding of
∏n
k=1 Xk into B(
∏n
k=1 Xk). Thus
‖x‖ =
∑
i
|λi|ρ((ui1, . . . , uin), (vi1, . . . , vin))+
∑
j
|µj|α(zj1, . . . , zjn) (4)
=
∑
i
|λi|
n∑
k=1
ρ(uik, vik)+
∑
j
|µj|
n∑
k=1
α(zjk)
=
∑
i
|λi|
n∑
k=1
‖uik − vik‖ +
∑
j
|µj|
n∑
k=1
‖zjk‖.
Since
pir(x) =
∑
i
λi(ν(ui1, . . . , uin−1, θ)− ν(vi1, . . . , vin−1, θ))+
∑
j
µjν(zj1, . . . , zjn−1, θ),
then
‖pir(x)‖ ≤
∑
i
|λi|‖(ν(ui1, . . . , uin−1, θ)− ν(vi1, . . . , vin−1, θ))‖ (5)
+
∑
j
|µj|‖ν(zj1, . . . , zjn−1, θ)‖
=
∑
i
|λi|
n−1∑
k=1
ρ(uik, vik)+
∑
j
|µj|
n−1∑
k=1
α(zjk)
=
∑
i
|λi|
n−1∑
k=1
‖uik − vik‖ +
∑
j
|µj|
n−1∑
k=1
‖zjk‖.
On the other hand,
x− pir(x) =
∑
i
λi(ν(θ, . . . , θ, uin)− ν(θ, . . . , θ, vin))+
∑
j
µjν(θ, . . . , θ, zjn)
and
‖x− pir(x)‖ ≤
∑
i
|λi|‖uin − vin‖ +
∑
j
|µj|‖zjn‖. (6)
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Combining (6) with (5) and (4) we have that
‖pir(x)‖ =
∑
i
|λi|
n−1∑
k=1
‖uik − vik‖ +
∑
j
|µj|
n−1∑
k=1
‖zjk‖.
Thus if x = y + z, y ∈ B
(∏n−1
k=1 Xk × θ
)
and z ∈ B(θ × · · · × θ︸ ︷︷ ︸
n−1
×Xn), then ‖x‖ = ‖y‖ + ‖z‖. So the proof follows from
the induction assumption. 
Corollary 7. The free Banach space B(X) over every finite-dimensional Banach space X is isomorphic to L1(R) and B(`n1) is
isometrically isomorphic to L1(R).
Proof. Putting in Theorem 5 Xk = R for k = 1, . . . , n we obtain that B(`n1) is isomorphic to `1-sum of L1(R) (see
Proposition 2) that is isomorphic to L1(R). Since two arbitrary n-dimensional Banach spaces X and Y are isomorphic, the
spaces B(X) and B(Y ) are isomorphic as well. 
Corollary 8. B(`1) is isometrically isomorphic to L1(R).
Proof. Let {ek} be the standard basis in `1 and Rek the one-dimensional space, spanned by ek. Let `1,0 be a subspace of
`1 consisting of all finite linear combinations of standard basis elements. By Proposition 1, B(`1,0) = B(`1) thus span `1,0
is dense in B(`1). By Theorem 5, the space span `1,0 is isometric to a dense subspace in
∑∞
k=1⊕1 L1(Rek). Hence B(`1) is
isometrically isomorphic to
∑∞
k=1⊕1 L1(Rek), which is isomorphic to L1(R) [11, p. 54]. 
Question. What is B(`p) for p 6= 1? Note that in [12] is proved that∑∞k=1⊕1 B(c0) is isomorphic to B(c0).
Proposition 5. If a metric space X is Lipschitz equivalent to Y , then Banach spaces B(X) and B(Y ) are isomorphic.
Proof. Let e : X → Y be a Lipschitz equivalence. By Theorem 1 the map ν ◦ e extends to a continuous linear operator
T = ν˜ ◦ e : B(X) → B(Y ). Let us show that T is a bijection. The map f 7→ f ◦ e, f ∈ Lip 0(Y ) is a bijection between
Lip 0(Y ) and Lip 0(X). But by Theorem 1, Lip 0(Y ) and Lip 0(X) coincide, up to isometric isomorphism, with B(Y )′ and B(X)′
respectively and the operator f 7→ f ◦ e coincides with T ∗ : B(Y )′ → B(X)′. Since it is a bijection, T must be a bijection and
so B(X) is isomorphic to B(Y ). 
By Corollary 8 we can see that isomorphism of free Banach spaces does not imply the Lipschitz equivalence of
corresponding normed sets. In [2] Pestov asked if for every normed set X, B(X) is isomorphic to L1(X, µ) for some measure
µ on X? Next we show that it is not so.
Note, that if X is separable, B(X) is separable too.
Proposition 6. For X a Banach space the space X ′ is 1-complemented in B(X)′ (i.e. there is a norm one projection from B(X)′
onto X ′).
Proof. By [1, p. 173] X ′ is a 1-complemented subspace of Banach space Lip (X) of all Lipschitz functions on X . Since
B(X)′ = Lip 0(X) is a 1-complemented subspace of Lip (X) and contains X ′, X ′ is 1-complemented in B(X)′. 
Corollary 9. The space B(`2) is not anL1-space.
Proof. By Proposition 6 B(`2)′ is not isomorphic to `∞ as it is known `∞ does not contain a complemented copy of `2 (see
e.g. [11, p. 57]). Since B(`2) is separable, it is not isomorphic to anL1-space [13, p. 308]. 
The next proposition shows, however that B(X) is similar in some sense to `1.
Proposition 7. Let X be a separable Banach space. Then every separable Banach space E is isomorphic to a quotient of B(X).
Proof. According to [1, p. 261] there exists a surjective Lipschitz map F from X onto E. Without loss of generality we can
assume that F(0) = 0. Let F˜ be the corresponding linear operator from B(X) onto E. Then E is isomorphic to B(X)/ ker F˜ . 
3. Two-Lipschitz maps on free Banach spaces
Let X, Y be metric spaces with marked points θx and θy and norms α(x) = ρ(θx, x) and α(y) = ρ(θy, y) respectively.
Let us consider a map g(x, y)which is defined on the Cartesian product X × Y with values in a normed space E. Let Ay(x)
be the map from X to E such that Ay(x) = g(x, y) for every fixed y ∈ Y . Similarly, Ax(y) = g(x, y) is a map from Y to E for
every fixed x ∈ X .
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The map g(x, y) : X × Y −→ E is called two-Lipschitz if Ax(y) is Lipschitz for every fixed x ∈ X and Ay(x) is Lipschitz for
every fixed y ∈ Y .
For a given two-Lipschitz map g(x, y)we will denote by G the operator x 7−→ Ax.
Theorem 6. Let g(x, y) be a two-Lipschitz map and Ax(y) ∈ Lip 0(Y , E) for any x ∈ X, Ay(x) ∈ Lip 0(X, E) for any y ∈ Y and
G : x 7−→ Ax belongs to the class Lip 0(X, Lip 0(Y , E)). Then there is a continuous bilinear map D : B(X)× B(Y ) −→ E such that
D(x, y) = g(x, y)
for all x ∈ X, y ∈ Y and ‖D‖ = LG.
Proof. Let G˜ be an extension of G to the linear operator from B(X) to Lip 0(Y , E) with ‖˜G‖ = LG. If z =
∑n
k=1 λkxk ∈ B(X),
then
G˜(z) =
n∑
k=1
λkAxk ,
where Axk ∈ Lip 0(Y , E). Also, every map Axk can be extended to a linear continuous operator A˜xk from B(Y ) to E with
‖A˜xk‖ = LAxk .
Let us consider a map G˜(z) : z 7−→ A˜z , where
A˜z =
n∑
k=1
λkA˜xk .
This map acts from the space span ν(X) of finite linear combinations
n∑
k=1
λkxk,
which is dense in B(X) toL(B(Y ), E).
The map G˜ is the composition of the linear continuous operator G˜ : z 7−→∑nk=1 λkAxk and the linear isometric operator
ν : Axk 7−→ A˜x and so
‖˜G‖ = ‖˜G‖.
Consequently, G˜ is a continuous linear operator from B(X) to the space of linear continuous operators L(B(Y ), E). It is
known from the theory of bilinear maps, that D(z, w) = A˜z(w) is a continuous bilinear map and
‖D‖ = sup
‖z‖≤1,‖w‖≤1
‖D(z, w)‖ = sup
‖z‖≤1,‖w‖≤1
‖A˜z(w)‖ = sup
‖z‖≤1
‖˜G(z)‖
= ‖˜G‖ = LG. 
Note that the converse statement is true too. If D is a continuous bilinear map on B(X)× B(Y ), then
g(x, y) = D(x, y)
is a two-Lipschitz map which satisfies the conditions of Theorem 6.
It is well known that there exists a continuous linear operator Φg on the projective tensor product B(X)⊗pi B(Y ) such
thatΦg = D(u, v) for any u ∈ B(X), v ∈ B(Y ). Hence a two-Lipschitz map g(x, y) satisfies the condition of Theorem 6 if and
only ifΦg(x⊗ y) = g(x, y) for some continuous linear operatorΦg .
So the set of all two-Lipschitz real-valued functions which satisfies condition of Theorem 6 may be identified with the
spaces of all continuous bilinear formsL(2B(X)× B(Y )) = (B(X)⊗ B(Y ))′. We denote this set by Lip 20(X × Y ).
4. Simultaneous linear extension
By Corollary 1 every Lipschitz map can be extended from a subspace X0 ⊂ X of a metric space X to a Lipschitz map on X .
Now we consider a problem of simultaneous extension that means existence of a continuous linear operator from Lip 0(X0)
to Lip 0(X).
Let us recall that a closed subspace X of a Banach space Y is locally complemented in Y if there is a constantM such that
whenever F is a finite-dimensional subspace of Y there is a linearmap (depending on the given finite-dimensional subspace)
T : F → X so that ‖T‖ ≤ M and T (x) = x for all x ∈ F ∩ X .
The following result was proved in [14] for linear functionals and in [15] for bilinear.
Proposition 8. Let X be a closed subspace of a Banach space Y . The following are equivalent:
1. X is locally complemented in Y .
2. X ′′ is complemented in Y ′′ under the natural embedding.
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3. There is a linear continuous extension operator A : X ′ → Y ′ that is such that A(φ)(x) = φ(x) for all x ∈ X and φ ∈ X ′.
4. There is a linear continuous extension operator from the spaceL2(X) of continuous bilinear forms on X to the spaceL2(Y ) of
continuous bilinear forms on Y .
Proposition 9. Let X be a closed subspace of a Banach space Y . If B(X) is locally complemented in B(Y ), then X is locally
complemented in Y .
Proof. By Proposition 8 B(X)′′ is complemented in B(Y )′′. Let pi : B(Y )′′ → B(X)′′ be a linear continuous projection. By
Proposition 6, Y ′ is complemented in B(Y )′. Note that Y ′ regarded as a subspace of B(Y )′, consists of Lipschitz functions f on
Y such that
f (λx+ µy) = f (λx+ µy) = λf (x)+ µf (y). (7)
Hence Y ′′ is complemented in B(Y )′′ and consists of linear continuous functionals, defined on Lipschitz functions given by
(7). The restriction of pi onto Y ′′maps Y ′′ into the space of linear continuous functionals, defined on subspace with (7) which
belongs to B(X ′). But it coincides with X ′ ⊂ B(X)′. So pi(Y ′′) = X ′′. Since pi is a projection, its restriction on Y ′′ is a projection
too. So X ′′ is complemented in Y ′′ and X is locally complemented in Y . 
For every positive integer n denote by Bn(X) the space B(. . . (B︸ ︷︷ ︸
n
(X) . . .)).
Corollary 10. If Bn(X) is locally complemented in Bn(Y ), for some n > 0, then X is locally complemented in Y .
Theorem 7. Let X be a closed subspace of Banach space Y .
1. If X is not locally complemented in Y , then there is no continuous linear extension operator from Lip 0(X) to Lip 0(Y ).
2. If Bn(X) is locally complemented in Bn(Y ) for some n > 0, then there is a linear extension operator from Lip 0(X) to Lip 0(Y )
and from Lip 20(X × X) to Lip 20(Y × Y ).
Proof. Suppose that there is a linear extension operator from Lip 0(X) = B(X)′ to Lip 0(Y ) = B(Y )′. Then by Proposition 8,
B(X) is locally complemented in B(Y ) and by Proposition 9, X is locally complemented in Y . A contradiction. The second
assertion follows from Corollary 10 and Proposition 8. 
Example 1. Let d(x, y) be a continuous metric on X . Put b(x, y) = bd(x, y) = d(x, y) − d(θ, x) − d(θ, y). Then b(x, y) is a
two-Lipschitz map, because
|b(x1, y)− b(x2, y)| = |d(x1, y)− d(x2, y)− d(θ, x1)− d(θ, y)+ d(θ, x2)+ d(θ, y)|
≤ |d(x1, y)− d(x2, y)| + |d(θ, x2)− d(θ, x1)| ≤ 2d(x1, x2).
More over, this inequality shows that the map G : x0 7→ b(x0, y) ∈ L(X) is in Lip 0(X, Lip 0(X)). So b(x, y) ∈ Lip 20(X × X).
Hence we have that all two-Lipschitz function bd associated with continuous metrics d on a subspace X ⊂ Y can be
simultaneous extended to a continuous two-Lipschitz function on Y if Bn(X) is locally complemented in Bn(Y ) for some
n > 0.
From Proposition 6 and Theorem 7 we have the following corollary:
Corollary 11. If a Banach space X is an absolute Lipschitz retract, then for any Banach space Y that contains X as a closed subspace,
there is a continuous linear extension operator from Lip 0(X) to Lip 0(Y ) and from Lip
2
0(X × X) to Lip 20(Y × Y ).
Note that according to [1], the Banach space of null sequences c0 is an absolute Lipschitz retract. The Banach space of
all real-valued, bounded, uniformly continuous functions defined on somemetric space and endowed with the sup-norm is
an absolute Lipschitz retract. Also, every real Pλ-space is a λ-absolute Lipschitz retract. Any complex Pλ-space is a 4λ/pi-
absolute Lipschitz retract. Recall, that a Banach space X is said to bePλ-space if it is λ-complemented in every Banach space
Y containing it as a closed subspace.
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